Abstract. We deal with homogeneous toric bundles M over generalized flag manifolds G C =P, where G is a compact semisimple Lie group and P a parabolic subgroup. Using symplectic data, we provide a simple characterization of the homogeneous toric bundles M which are Fano; we then show that a homogeneous toric bundle M admits a Kähler-Ricci solitonic metric if and only if it is Fano.
Introduction
We focus on a particular class of homogeneous bundles M, namely on bundles having a compact toric Kähler manifold F as fiber and a generalized flag manifold G C =P ¼ G=K as basis, where G is a compact semisimple Lie group, G C its complexification and P a suitable parabolic subgroup of G C . More precisely, we consider a surjective homomorphism t : P ! ðT m Þ C , where T m is an m-dimensional torus acting e¤ectively by holomorphic isometries on the toric Kähler manifold F with dim C F ¼ m. We then define M to be the compact complex manifold M ¼ G C Â P; t F . Any manifold of this kind is a toric bundle over G C =P (see [13] ) with holomorphic projection p : M ! G C =P and it is almost G C -homogeneous (see [9] ) with G-cohomogeneity equal to m. We will call any such manifold a homogeneous toric bundle.
The homogeneous toric bundles appear to be direct generalizations of the CP 1 -bundles over flag manifolds studied in [18] , [11] , [12] , [10] , [5] , [16] . These CP 1 -bundles are known to be Kähler-Einstein if and only if they are Fano and their Futaki functional vanishes identically ( [11] , [16] ); Moreover they always admit a Kähler metric which is a Kähler-Ricci soliton, provided the first Chern class is positive (see [10] , [20] , [21] ). We also mention that for toric bundles a uniqueness result for extremal metrics in a given Kähler class is proved in [8] .
Our first result provides simple necessary and su‰cient conditions on G C =P, F and t so that the toric bundle M ¼ G C Â P; t F has positive first Chern class. In order to state it, we first need to fix some notations.
Let J be the G C -invariant complex structure on the flag manifold G C =P ¼ G=K and C the corresponding positive Weyl chamber in the Lie algebra zðkÞ of the center ZðKÞ of K (see e.g. §2, for the definition). We will also use the symbol C 4 to denote the chamber in zðkÞ Ã , which is the image of C by means of the dualizing map X 7 ! ÀBðX ; ÁÞ, where B is the Cartan Killing form of the Lie algebra g of G.
It is well known that G C =P admits a unique G-invariant Kähler-Einstein metric g with Einstein constant c ¼ 1 (see e.g. [2] ): We set m : G C =P ! g Ã to be the moment map relative to the Kähler form o ¼ 1 2p gðJÁ; ÁÞ.
If F is supposed to be Fano, the Calabi-Yau theorem implies that for any T minvariant Kähler form r A c 1 ðF Þ, there exists a unique Kähler form o r in c 1 ðF Þ such that r is the Ricci form of o r . In particular, also o r is T m -invariant. Moreover, since b 1 ðF Þ ¼ 0 there exists a moment map m r : F ! t Ã relative to r, uniquely determined up to a constant. We will say that m r is metrically normalized if Ð F m r o m r ¼ 0. In §4, we will show that the convex polytope D F ¼ m r ðF Þ, which is the image of a metrically normalized moment map m r , is actually independent of r and it can be explicitly determined just using the T m action.
Finally, for any given homomorphism t : P ! ðT m Þ C , we set m 
ð1:1Þ
We mention here that in the proof of Theorem A the computation of the first Chern class relies on the construction of a one parameter family of (G-invariant) Kähler forms and their Ricci tensors. We got the idea of such construction from the proofs in [23] and [6] .
Our second main result concerns the existence of a Kähler-Ricci soliton on homogeneous toric bundles. We recall that a Kähler-Ricci soliton consists of a Kähler form o associated with a (real) vector field X such that
where r denotes the Ricci form of o. Notice that if the associated vector field X is trivial, the Kähler-Ricci soliton o is a Kähler-Einstein form.
Our second result is the following.
Theorem B. Let F be a toric Kähler manifold of dimension m. Then, for any homomorphism t : P ! ðT m Þ C , the toric bundle M ¼ G C Â P; t F admits a Kähler-Ricci soliton if and only if it is Fano.
In particular, M is Kähler-Einstein if and only if it is Fano and its Futaki functional vanishes identically.
This theorem extends the result of X.-J. Wang and X. Zhu in [24] , where they proved the existence of a Kähler-Ricci soliton on any Fano toric manifold F , i.e. when the basis of the toric bundle reduces to a single point. On the other hand, our theorem includes also the results of N. Koiso and Y. Sakane in [18] , [11] , [12] , which give necessary and su‰cient conditions for homogeneous toric bundles with fiber CP 1 in order to be Kähler-Einstein (see also [16] , [5] ). It also generalizes Koiso's result ( [10] ) on the existence of a Kähler-Ricci soliton on any Fano, homogeneous toric bundle with fiber CP 1 (see also [21] ). We remark that from the proof of Theorem B, it follows that a vector field X on a homogeneous toric bundle over a flag manifold is the associated vector field of a Kähler-Ricci soliton if and only if the Tian and Zhu's invariant F X ðÁÞ vanishes identically.
The paper is organized as follows. In §2 we fix notations and recall some basic facts on homogeneous toric bundles. We then recall the definition and main properties of the algebraic representatives of invariant 2-forms and we give a characterization of the canonical polytope of a Fano toric manifold. In §3 we give the proof of Theorem A. In §4, after recalling basic definitions and main properties of Kähler-Ricci solitons, we compute the holomorphic invariant of Tian and Zhu ([21] ) of a toric bundle. In §5, we show that the problem of finding a Kähler-Ricci soliton on the homogeneous toric bundles can be reduced to a suitable partial di¤erential equation on the toric fiber F . This equation turns out to be very close to the equation studied in [22] and we conclude using the same arguments used there.
Preliminaries
2.1. Notations and basic facts. For any Lie group G, we will denote its Lie algebra by the corresponding gothic letter g. Given a Lie homomorphism t : G ! G 0 , we will always use the same letter to represent the induced Lie algebra homomorphism t : g ! g 0 .
If G acts on a manifold N, for any X A g, we will use the symbolX X to indicate the corresponding induced vector field on N, so d ½X; Y ½X; Y ¼ À½X X ;Ŷ Y for X ; Y A g. We will also denote by N reg the set of G-principal points in N.
The Cartan Killing form of a semisimple Lie algebra g will be always denoted by B and, for any X A g, we set X 4 ¼ ÀBðX ; ÁÞ A g Ã . Given a root system R w.r.t. a fixed maximal torus, we will denote by E a A g C the root vector corresponding to the root a in the Chevalley normalization and by H a ¼ ½E a ; E Àa the B-dual of a.
In all the following, F denotes a compact, toric Kähler manifold with dim C F ¼ m and we indicate by T m the m-dimensional torus acting e¤ectively on F by holomorphic isometries. A homogeneous toric bundle is a compact Kähler manifold of the form
where V ¼ G C =P ¼ G=K is a flag manifold of (complex) dimension n, G is a compact semisimple Lie group, G C its complexification, P a suitable parabolic subgroup and t : P ! ðT m Þ C is a surjective homomorphism.
We will always identify F with the fiber F ¼ F eK ¼ p À1 ðeKÞ over the base point eK A V ¼ G=K.
The complex structures of M, F and V will be denoted by J, J F and J V , respectively. Notice that J V is the natural G C -invariant complex structure of the complex homogeneous space G C =P and that J is the unique G C -invariant complex structure on M, which makes p : M ! V a holomorphic map and induces on F ¼ p À1 ðeKÞ the complex structures J F .
We observe that both G C and ðT m Þ C act naturally as groups of holomorphic transformations on ðM; JÞ, with two commuting actions. The action of G C is the one induced on M by its standard action on G C Â F , while the action of ðT m Þ C is defined by
We will identify G C Â ðT m Þ C with the corresponding subgroup of AutðM; JÞ.
We recall that g admits an AdðKÞ-invariant decomposition g ¼ k l m and that, for any fixed CSA h H k C of g C , the associated root system R admits a corresponding decom-
into two disjoint subsets of positive and negative roots, so that the J V -holomorphic (resp. J V -antiholomorphic) subspace of m C is given by
The Lie algebra p of the parabolic subgroup
The following lemma will be useful and often tacitly used in the sequel. 
We also recall that for any G-invariant Kähler form o of V there exists a uniquely associated element Z o A zðkÞ so that oðX X ;Ŷ Y Þj eK ¼ BðZ o ; ½X ; Y Þ for any X ; Y A g. In particular, the G-invariant Kähler-Einstein form o V on V , with Einstein constant c ¼ 1, is associated with the element
(see e.g. [2] , [4] -be aware that in this paper, we adopt the definition of Ricci form r used e.g. in [7] , which di¤ers from the one in [2] and [4] by the factor 1=2p).
Notice also that the element Z o has to belong to the positive Weil chamber 
2.2. The algebraic representatives. We recall that, if c is a G-invariant 2-form on M, for any p A M there exists a unique ad g p -invariant element F c; p A Homðg; gÞ such that [17] ). Moreover, if c is closed, it turns out that F c; p is a derivation of g and hence of the form ad Z c for some element Z c belonging to the centralizer in g of the isotropy subalgebra g p (see e.g. [16] , [17] , [19] ).
So, in the following, for any G-invariant, closed 2-form c, we will denote by Z c the
and it will be called algebraic representative (shortly a.r.) of c.
Notice that, in case c is non-degenerate, the moment map m c : M ! g Ã relative to c coincides with the ðÀBÞ-dual map of the a.r., i.e. m c ¼ Z By G-equivariance, any a.r. is uniquely determined by its restriction on the fiber F ¼ p À1 ðeKÞ. The following lemma can be proved immediately using definitions.
(a) If the restriction cj F satisfies cðẐ Z j ;m mÞ ¼ 0 for 1 e j e m, then Z c j F is of the We want now to determine the a.r. of the Ricci form r of a given G-invariant Kähler form o. In what follows, we denote by ðF a ; G a Þ a A R þ m the basis for m given by the vectors
We order the roots in R þ m so to call them a 1 , a 2 , etc., and we denote by
Notice that, at any point p A F X M reg the vector fields fF F j ; JF F j g are linearly independent and span the whole T p M. Finally, for any given Kähler form o, let us also denote by h : M ! R the function
We claim that, at any point p A F ,X X ðhÞj p ¼ 0 for any X A g: In fact, this follows easily from the fact that ½X ; F i A l þ spanfF j ; j 3 ig þ spanfJ V F j ; j f m þ 1g. We may now prove the following. 
where h is the function (2.4) and Z V A zðkÞ is the element defined in (2.2). Furthermore, if
Proof. We first show that rj F ðẐ Z j ;m mÞ ¼ 0. By Koszul formula (see e.g. [2] , p. 89)
Þ ð2:7Þ
for every p A F reg and X ; Y A g. On the other hand, we claim that for any W A m,
Moreover, when 1 e i e m, we have that ½W ; F i ¼ ½W ; Z i A m and hence also in this case
These facts imply that
; Using Jm m p ¼m m p and the fact thatX X ðhÞ p ¼ 0 for any X A g, we get (2.8). Now, the fact that rj F ðẐ Z j ;m mÞ ¼ 0 follows immediately from (2.7), (2.8) and from ½k; m L m.
By Lemma 2.2(a) and (2.7), in order to determine Z r , it su‰ces to compute for p A F reg and X A m 
Now, using similar arguments as before, we see that [13] , [7] ). To the best of our knowledge, our characterization of D F in terms of the T m -action is new.
In all the following, we will always identify t Ã ð¼ t where for every U A g we denote by U k the component along k w.r.t. the decomposition g ¼ k l m.
We now extendõ o to a global G-invariant 2-form, still denoted byõ o. We can easily check thatõ o is J-invariant, using the fact that for any A; B A m we have ½A; B zðkÞ ¼ ½J V A; J V B zðkÞ . Moreoverõ o is closed: we leave the easy verification of this fact to the reader, noting that the condition dõ o p ðÂ A;B B;Ĉ CÞ ¼ 0 for A; B; C A m follows immediately from the Jacobi identities in g. Now, for any su‰ciently small A R þ , we may consider the G-invariant closed twoform o on M given by
By Lemma 2.2 and (3.1), the restriction to F of the a.r. of o is
Using Proposition 2.3, we get that the restriction to F reg of the a.r. of the Ricci form r of o is given by
We now notice that the map Z c j F ¼ def P m i¼1 c i Z i defines a smooth closed G-invariant 2-form c on the regular part of M; we claim that c extends to a smooth global 2-form on M, which is cohomologous to 0. In fact, Z c j F can be written as
if is su‰ciently small, the functionf f is a well-defined K-invariant function on F and it extends to a G-invariant function on M, which we still denote byf f . Therefore, by Lemma 2.2(b), it follows that c coincides with the globally defined, two-form Àdd 
where the last equality is meaningful whenever r is non-degenerate. Using Lemma 2.2 (a) and the discussion in §2.3, we see that on F reg
so that r o j TF ¼ r. Moreover, in case r is non-degenerate, we also have Now, let us assume that c 1 ðMÞ > 0 and let r 1 A c 1 ðMÞ be G-invariant and positive. Now r 1 ¼ r o þ dd c f for some G-invariant function f, and by (3.9) we have on F that
From this it follows that r 1 j TF is a positive 2-form in c 1 ðF Þ. Now, let us assume r to be positive, so that the last equality in (3.8) is meaningful. Recall that, by Lemma 2.2 (b), the a.r.s of r 1 and r o , restricted to F , di¤er by a map Z f so that
In particular, at the T m -fixed points of F , the a.r.s of r 1 and r o coincide. On the other hand, we note that Z r 1 j F is the ðÀBÞ-dual of a moment map for the action of ZðKÞ on F w.r.t. r 1 j TF , and therefore Z r 1 ðF Þ H zðkÞ is a convex polytope with vertices given by Z r 1 ðF ZðKÞ Þ; hence
Homogeneous toric bundles and Kähler-Ricci solitons
We first recall the definition of Kähler-Ricci soliton (see e.g. [20] ). Definition 4.1. Let ðN; J; oÞ be a compact Kähler manifold. We call Kähler-Ricci soliton any pair ðo; X Þ, where o is a Kähler form on M and X is a (real) vector field on M such that:
If ðo; X Þ is a Kähler-Ricci soliton, we will say that o is the Kähler form of the soliton and that X is the associated vector field. Clearly c 1 ðNÞ > 0.
In the next statement, we collect some crucial facts on Kähler-Ricci solitons obtained by Tian and Zhu (see [20] , Thm. 0.1, [21] Given an homogeneous toric bundle M ¼ G C Â P; t F , with the fiber F acted on by the torus T m , we can state the following This proposition is a consequence of Theorem 4.2, the fact that maximal compact subgroups are conjugate and the following lemma. 
, then the possible pairs ðA; G C Þ have been classified by Onishchik (see [15] ) and it is easily checked that C A ðG C Þ is trivial, hence A V ¼ feg. So, A fixes all fibers and the restriction of A to F ¼ F j eK commutes with the action of T m .
On the other hand, by Demazure's Structure Theorem for toric manifolds (see e.g. [14] , p. 140), AutðF ; J F Þ o is a linear algebraic group and T m is a maximal algebraic torus of AutðF ; J F Þ o . This implies that for any a A A the map aj F : F ! F coincides with some biholomorphism tj F , t A T m , i.e. a t À1 j F ¼ Id. Since at À1 commutes with G, it acts trivially on every fiber, hence a ¼ t and zðg gÞ H t. r
In [21] , G. Tian and X.-H. Zhu proved that, on a given compact complex manifold ðN; JÞ, a vector field X is the associated vector field of a Kähler-Ricci soliton ðo; X Þ only if a certain holomorphic invariant homomorphism F X : autðN; JÞ ! R vanishes identically. Such homomorphism F X is an analogue of the classical Futaki invariant F : autðN; JÞ ! R of ðN; JÞ ( [6] ) and one has F X ¼ F when X ¼ 0. In the following, we will call such homomorphism the Tian-Zhu invariant associated with X . In [21] the following important property has been proved. Proof. The proof of the first assertion is standard and is left to the reader (see e.g. [21] ). Moreover, one can check that the G Â T m -invariant function defined by (4.2) is the required function because it satisfies ð4:1Þ 2 and
Finally, by Lemma 2.2 (b), if o 0 and o are cohomologous, the a.r. of o 0 is given by
2), the function y 0ðlÞ relative to o 0 is
Now the proof of [21] , Proposition 1.1 shows that y 0ðlÞ ¼ y ðlÞ þ X ðlÞ ðfÞ, hence C 0ðlÞ ¼ C ðlÞ . r Proof. According to the definition given in [21] , for every Y A autðM; JÞ, 
We claim thatỹ
Using the function h introduced in (2.4) and the fact that b Z 0 Z 0 k commutes with every element X X with X A g C , we have on F Consider now the system of complex coordinates 2p
q qs i ¼ ÀẐ Z i and the following simple lemma, whose proof is left to the reader. Lemma 4.8. There is a suitable constant C such that for any f A C y ðMÞ
where
We may now show that (4.8) is equivalent to (4.3) by using Lemma 4.8 and the change of variables It is also direct to see that the a.r. Z EðoÞ of EðoÞ satisfies 
We shall find the equation in the unknown function c o determined by (5.3). 
In order to check this, notice that by Lemma 2.2, the restriction to F of the a.r. of
Then, from Proposition 2.3, it follows that the a.r. Denote by
When the base flag manifold V reduces to a single point, then M ¼ F , the factor A disappears in equation (5.6) and the di¤erential problem boils down to the one considered in [24] .
As in [24] , the solvability of (5.6) can be obtained by the continuity method, namely by considering the family of equations By the results of [20] , [25] , the set of all t A ½0; 1 for which (5.8) is solvable is an open set containing 0 and hence the same is true for the equation (5.7). Therefore it is enough to produce a priori estimates of type C 0 , C 2 , C 3 on some interval ½e o ; 1, with e o > 0. The generalizations of [20] , §5, of the a priori estimates given in [24] , provide C 2 -and C 3 -estimates for the solutions of (5.8), hence for solutions of (5.7). Therefore, in order to conclude and prove the existence of solutions of (5.7) for t ¼ 1 it is enough to establish uniform upper and lower estimates for the solutions j of (5.7) for any t A ½e o ; 1. These C 0 uniform estimates for the equation (5.8) on a toric manifold M ¼ F were obtained in [22] , Lemmata 3.4-3.5. The proofs of these lemmata work also for our general equation on the toric bundle M (where the extra factor A appears). For the sake of simplicity we do not reproduce them here and we refer the reader to [22] : we just notify that the following observations should be taken into account.
(i) The m-tuple ðl 1 ; . . . ; l m Þ corresponds to the m-tuple of constants ðc 1 ; . . . ; c m Þ in [22] . Moreover, the function denoted by ''u 0 '' in [22] should be seen as our function
(ii) The function A satisfies the following estimate. Under this replacement, all arguments considered in [22] , Lemma 3.3 still hold in our general case.
